We illustrate the power and efficiency of a recently uncovered Mellin-space approach to AdS/CFT correlation functions by providing a universal formula for the 4-scalar graviton-exchange Witten diagram, for arbitrary CFT-dual scaling dimensions. Our result keeps the space-time dimension generic as well, and is expressed as a combination of just 11 hypergeometric functions. Such hypergeometric functions are related to scalar-exchange diagrams. In particular, if reverse-engineered in terms of D-functions, this might be viewed as a first-step towards proving a long-standing conjecture by Dolan, Nirschl and Osborn pertaining to four-point correlators of chiral primary operators at strong coupling. Most importantly, the technology developed herein marks an additional development towards the long-anticipated computation of the four-point function of the N = 4 sYM stress-tensor. *
Introduction
According to the gauge/gravity duality, supergravity scattering amplitudes in a d + 1-dimensional AdS d+1 background encode the planar contribution to correlation functions of operators of a dual conformal field theory CF T d at strong coupling. Yet, despite more than a decade of efforts, the evaluation of AdS/CFT correlation functions was until very recently a difficult and computationally intensive task.
Such calculations were typically done in position space. It is natural to wonder if this is the right language. In the same way that going to momentum space simplifies the evaluation of Feynman diagrams in flat space, one might suspect that, similarly, different variables could possibly be lurking around, which would facilitate the computation of Witten diagrams.
Indeed, it has recently been illustrated through various examples that applying a Mellintransform to AdS/CFT correlators dispenses with a lot of hard work and sheds light on their structure [1, 2, 3, 4, 5] . In particular, the contents of operator product expansions is disentangled after going to Mellin space. This boils down to the fact that Mellin amplitudes are meromorphic with simple poles whose positions correspond to the scaling dimensions of operators in the OPE [6, 7] . In a sense, going to Mellin space realizes a natural basis of OPE, as first envisioned by Polyakov [8] .
So far, the Mellin-space approach has mostly focused on evaluating Witten diagrams involving scalar fields only. Feynman-like rules for tree-level Mellin amplitudes have been proven [9] in this case. The purpose of this short note is to show that Mellin-space is just as well apposite to handling with great efficiency processes involving the exchange of a graviton in the bulk. We managed to find a universal formula that captures at one fell swoop the stress-tensor exchange contribution to any 4-point function of scalar operators, no matter the particular values of their conformal weights or of the space-time they live in. This should be contrasted with the great amount of effort that is exacted by a position-space approach to evaluating such diagrams, not to mention that this modus operandi cannot achieve the universality of our formula [10, 11, 12, 13, 14, 15, 16] .
It bears noting that the validity of our formula is rigorously established by setting all the operator dimensions to ∆ i = ∆ = d in d = 4 dimensions, and comparing with equation (8) from [3] , which is equation (44) of the present publication.
Three-point functions of chiral primary operators are determined by superconformal invariance. Therefore, their supergravity computation does not tell much 1 , beyond providing further evidence for the validity of the AdS/CFT correspondence, which, of course, is beyond doubt by now. On the other hand, four-point functions of chiral primaries are not entirely constrained by symmetries or non-renormalization theorems. As such, studying their structure on the supergravity side is a challenging task that will disclose valuable information on CFT's at strong coupling.
Although we do not provide all the details of our computation 2 , we have sought to explain a few non-trivial steps in the remainder of this note. We are especially highlighting aspects of our computation that are distinctive of processes involving the exchange of gravitons in the bulk, and are not part of the standard tool-box of previous Mellin-space computations.
Figure 1: The D-function [10] for dual operators of respective conformal weight ∆ 1 , ∆ 2 , ∆ 3 and ∆ 4 .
The last section illustrates our general formula on a few particular examples. A Mathematica notebook containing our universal formula is up for grabs from the source of the arXiv version of the present publication. This formula is somewhat lengthy but simplifies tremendously whenever arbitrary values of the operator scaling dimensions are specified. It is also worth pointing out that deriving this formula is an entirely algebraic and automated task. Former approaches would traditionally have called on performing two complicated integrations over AdS d+1 or solving recursively some differential equations [18] .
It would be interesting to try and reverse-engineer our expression to position-space as a combination of D-functions. D-functions [10] are tantamount to tree-level n-point contact interactions between scalars in AdS (cf. Figure 1) . It is true more generally that for the trilinear couplings stemming from AdS 5 × S 5 supergravity, any exchange diagram reduces to a finite sum of scalar quartic graphs [18] . However, a conjecture of Dolan, Nirschl and Osborn [19] asserts that it should be possible to cast as a very particular and constrained sum of D-functions the dynamical part of four-point functions of single-trace chiral primaries belonging to any [0, p, 0] SU(4). This proposal for a specific combination of D-functions proceeds from an observation concerning the contribution of long multiplets with twist less than 2 p. We are aware of at least one proposal for proving this conjecture 3 , which relies on bootstrapping arguments. Our result would provide a cross-check and lend further credence to such an attempt, were the latter be one day brought about with success.
Last but not least, the computation herein might also be viewed as one step closer to computing the long-sought four-point function of the N = 4 sYM stress-tensor, a demanding goal on which we comment in Section 3.
A review of the Mellin-transform of Witten diagrams
Given a correlation function of n scalar primary operators of conformal weights ∆ i , i = 1, ..., n, living in a d-dimensional space,
its Mellin-transform M (δ ij ) is defined as follows:
The parameters δ ij ≡ δ ji are such that, for each index i, we have
The integration contours for the n (n−3) 2 independent integration variables above are chosen parallel to the imaginary axis and such that the real parts of the arguments of the gamma functions entering the integrand are positive.
In keeping with the idea of an effective conformal field theory for the low-lying spectrum of the dilation operator of an CFT [20, 21, 22, 23] , it is illuminating to think of the δ ij 's as related to a sort of Mandelstam invariants built out of the "momentum" vectors k i for states whose invariant masses are actually the operator dimensions ∆ i :
and
so that in particular
This interpretation is especially apt since, as it turns out, the Mellin amplitude of a given Witten diagram is meromorphic with simple poles at s ij . As such, it can be thought of as a natural basis for operator product expansions. Another catchword encapsulates a Mellintransform as a kind of Fourier transform in the radial directions | x i − x j |. Those distances typically appear in the OPE of two operators inserted at x i and x j .
The Mellin-transform can be put to good use in a variety of situations, as illustrated a little while back [24] in the context of finding relations between some of the multi-loop integrals of interest to QCD-like theories. Here, our main focus revolves around computing Witten diagrams. According to the holographic dictionary, such scattering processes in the bulk of a weakly-curved asymptotically AdS d+1 space translate into correlation functions for the operators of a dual strongly-coupled CF T d .
In this setting, it is especially helpful to combine the Mellin-transform with the so-called embedding formalism [25, 26, 27, 28, 29] . This simply amounts to taking advantage of the fact that an AdS d+1 space can be viewed as an hyperboloid embedded in an d+2-dimensional Minkowski space M d+2 with light-cone metric
The boundary of AdS d+1 corresponds to the set of null rays:
We can parametrize a vector P describing the boundary of AdS d+1 as
which makes contact with the more conventional description. In particular, note that
This quantity shows up in the definition of a generic Mellin-transform (2). The key advantage of the embedding formalism is that it linearizes the action of the conformal group. We have implemented this property in our calculation of an universal formula for the stress-tensor contribution to a generic Green's function of four scalar primaries at strong coupling. This involves evaluating a Witten diagram connecting two pairs of massive or massless scalars via a graviton in the bulk of AdS. The two vertices involve covariant derivatives in AdS. Quite nicely, this translates into simple partial derivatives in the flat Minkowski embedding space.
Many more details can be found in [4] , whose conventions we are using.
The graviton bulk-to-bulk propagator
In position space, the physical part of the graviton bulk-to-bulk propagator between a point z in AdS d+1 and another point of coordinates w is given by
With the following AdS d+1 metric
the chordal distance u is given by
The function G(u) above denotes the massless scalar propagator in AdS,
The function H(u) sitting next to the other tensor structure is expressed as [30, 10] 
There exists an expression for the massless scalar propagator G(u) in the split and embedding formalism that is suitable for Mellin-space computations [3, 4] ,
where we have introduced
It would be natural to use a formula of this type for the graviton bulk-to-bulk propagator in order to compute the Witten diagram of present interest. A candidate for this propagator has been proposed in [31] :
where
with the metric components η M N being the ones of a d + 2-dimensional Minkowski space, as defined in equation (7). This cannot be the right expression though. For instance, albeit it correctly reproduces the poles (and their residues) entering the known expression for the Mellin transform of the Witten diagram between four minimally-coupled scalars in AdS 5 , it fails to yield the finite part accurately, namely the final piece − 5 4
(3 s 12 − 22) in equation (44) below. The whole point is that (19) is traceless while the graviton propagator is not, actually.
An alternative embedding-formalism and split-formalism expression for the graviton propagator appears in [32] . Unfortunately, it turns out that this proposal is riddled with its own shortcomings and does not reproduce (44) either. A search for the correct formula is still on [33] but has not proved fruitful so far.
In view of those unexpected hindrances, any Mellin-transform of a Witten diagram involving the exchange of a graviton in the bulk of AdS d+1 will have to make direct use of the position-space formula (11) . This introduces some factor of X · Y , P i · X or P j · Y . Transforming those stray X's and Y 's into an expression appropriate to a Mellin-space formulation requires some care, much more than if an out-of-the-box split formula for the graviton propagator were available. Still, it is an entirely straightforward task and once rules for doing so have been written, they can be recycled for the computation of any Witten diagram, which is thereby reduced to a simple and automated process. In particular, it is possible to combine our result with previous evaluations of other Witten diagrams. That would thus provide the missing ingredient to wrap up the supergravity computation of the planar four-point Green's function for scalars of arbitrary scaling dimension.
Also of much interest, it should be possible to compute the four-point function of the N = 4 sYM stress-tensor by that means [34] . The four-point Green's function of the stresstensor is available for any two-dimensional CFT [35] ; it is universal and depends only on the central charge c. Results have also been obtained fairly recently for three-dimensional CFT's with a supergravity dual [36] using new recursion relations for AdS/CFT correlators [37] , which are reminiscent of those of Risager for perturbative field theories [38] . Clearly, an explicit AdS 5 /CFT 4 calculation of this quantity is much sought-after 4 . Once again, the only valid reasons for not going ahead with such a computation mostly have to do with a bias against its presumed bulkiness and the expectation that a more concise and neater formula should be obtainable with even less effort if one were able to find a split expression for the bulk-to-bulk graviton propagator.
In the present work, such considerations of elegance have been temporarily swept aside. We are of the opinion that our universal formula for the 4-scalar graviton-exchange diagram is simple enough with regard to its universality, even though one might object that a snappier expression should be at hand using a, so far elusive, split formula for the graviton propagator similar to (17) for the scalar propagator. If anything, it illustrates how powerful a Mellinspace formulation of AdS/CFT correlation functions really is, subsuming and generalizing extensively more than a decade-worth of efforts where 4-point functions of scalar operators have been computed only for quite restricted sets of scaling dimensions.
Even though we do not provide in this note all the details of the method that leads to our universal formula 5 , it is worth emphasizing that we are making use of the split formalism to the best of what is currently achievable. First of all, we are inserting into (11) the split expression for the scalar propagator, namely equation (17) . Furthermore, H(u) itself can be cast into a much more convenient form. To do so, first of all, rewrite H(u) by applying the second of Euler's hypergeometric transformations, i.e.
in order to express p(u) ′ (16) in terms of G(u) and its first-order derivative. We can then
, which is proportional to p(u) ′ , for
This results in
On the other hand 6 ,
For any function of the chordal distance u 7 , one can verify that
using the fact that D c (u) = D −c (u). All in all, combining (24), (25) and (27) brings in an expression for H(u) similar to the one for the scalar propagator G(u) in the split and embedding formalism, equation (17) . 6 The factors of | X · X | As explained in Section 2, this condition is central to the Mellin-space formulation of AdS/CFT correlation functions. 7 From now on, we are going to define the chordal distance as u = −X · Y . We have taken this into account when massaging the bulk-to-bulk propagator (11) where u is actually u D = −1 + u with our new convention.
Evaluating the 4-scalar graviton-exchange Witten diagram
The Mellin amplitude for the 4-scalar graviton-exchange Witten diagram is quite unwieldy when the masses of the four external scalars are left unspecified. Henceforth, to keep this note relatively short, in this section we refrain from writing down the generic expression. The reader is referred to the Mathematica notebook accompanying this paper for the details of the most general formula. Another Mathematica notebook is available upon request, where this end-product is derived step by step in a way that should also prove useful for computing other contributions to correlations functions at strong coupling. For illustrative purposes, however, here we provide the Mellin amplitude for the Witten diagram corresponding to the exchange of a graviton in AdS d+1 between scalars of masses m
, where the space-time dimension d ≡ 2 h of the boundary is further set to d = 4. According to the AdS/CFT dictionary, the d i 's correspond to the conformal weights of the dual operators.
Quite generally, our universal formula is expressed in terms of the following quantities, which are proportional to the Mellin-space formulation of scalar-exchange Witten diagrams:
Indeed,
Starting with our universal formula for the Mellin amplitude
, s 12 ; h) of the Witten diagram corresponding to the exchange of a graviton in AdS 2 h+1 between four bulk scalars of respective mass-squared m
This leads to the following expression, spelt out in terms of the "Mandelstam invariant" s 12 (cf. (6)) and the variable
This particular case of our general expression for the Mellin amplitude of a 4-scalar graviton-exchange Witten diagram takes on the following form:
where the
are given by 
